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What is a PROBLEM?

A problem is a question that motivates you to search for a solution. This implies first that you want or need to solve the problem and second that you have to search for a way to find a solution. Whether a question is a problem or an exercise depends on the prior knowledge of the problem solver.
What is problem solving?
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Problem solving is a tool, a skill and a process. It is a tool because it can help you solve an immediate problem or to achieve a goal. It is a skill because once you have learnt it you can use it repeatedly, like the ability to ride a bicycle, add numbers or speak a language. It is also a process because it involves taking a number of steps.  You can engage in problem solving if you want to reach a goal and experience obstacles on the way. As a teacher/student, your goals are likely to be many and varied. You might want to write more effectively, increase the number of your friends, get a job, become computer literate, buy a car or improve your fitness. So it is likely that in working towards your goals you will encounter some barriers. At the point at which you come up against a barrier you can engage in a problem solving process to help you achieve your goal. Every time you use a problem solving process you are increasing your problem solving skills.  Michael E. Martinez, an associate professor in the Department of Education, University of California, Irvine states, “Errors are part of the process of problem solving, which implies that both teachers and learners need to be more tolerant of them.  If no mistakes are made, then almost certainly no problem solving is taking place.”
When should you use problem solving?
You can problem solve anytime you have a problem to solve or a goal to achieve. You can use the problem solving model to look for solutions to issues connected with your study, relationships, work or sport. You can take the problem solving steps by yourself, with a friend, or in a group. Problem solving with others is often very effective because you have access to a wide variety of viewpoints and potential solutions. The problem solving model is a useful resource for you to utilize in your personal, academic and professional lives.

So, remember ….
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Problem solving is a skill and a process which you and your students can learn. You can implement the process to help you solve a problem by following the steps and strategies outlined in this handout. Once you have learned the steps and begun to implement the process, problem solving will be a new skill which you have acquired and can be used at school, home and in the workplace. 
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· Problem solving requires students to read material carefully, paying attention to details, and learn to organize and use information. 

· Problem solving is dynamic when used in groups.  Studies show that the number-one reason that people are fired from their jobs is their inability to work well with others.  Most jobs require significant group interaction.  Cooperation and communication are essential in all organizations, families, and friendships.  Problem solving can help develop these skills.

· Interaction based on problem solving in the classroom requires students to think how they would solve the problem, how others are thinking about the same problem, and as a result, everyone becomes a better thinker.
· Problem solving offers opportunities for developing not only mathematical but also social, personal and cross-curricular skills.

· Throughout the process, it is important to take time to reflect and summarize the thinking of the group – a great skill for teachers and students and it will facilitate the process.
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· Mistakes often trigger good ideas, reinforcing that all ideas are important to listen to and have benefit in communication.

· Problem solving reinforces the fact that not all problems can be solved in a short time but with persistence, you can get closer to a solution.  It is important that students don’t give up and are willing to struggle through tough times and overcome barriers along the way.  That’s how we come up with new inventions, find different ways and often better ways of doing things, and continue to strengthen brain power!

· It is important that we develop in students the ability to think creatively, to analyze, synthesize, apply and evaluate information, as these are the skills needed for both today and, more so, for the future.  The teaching of thinking skills provides students with structures that develop skills in problem-solving, creative thinking and higher-level thinking skills. It gives students a means of linking different areas of knowledge and develops skills that can be applied across all curriculum areas.

· Problem solving encourages students to ask questions about the world around them.

· Problem solving requires students to collect, organize and use information or facts to solve the problem and justify solutions.

· Problem solving rewards curiosity and those creative approaches/activities which are productive.
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	Step 1:  
	

	Understand the problem
	Read the problem once to get a sense of the problem

	
	Read the problem a second time to start getting information to solve the problem

	
	· Have you seen a similar problem before?  If so, how is this problem similar?  How is it different?

· What facts or key information do you have?

· What do you know that is not stated in the problem?

· Can you simplify the problem?

	Step 2:
	

	Choose a strategy
	Draw a diagram

	or a combination of strategies
	Make a systematic list

	
	Eliminate possibilities

	
	Look for a pattern

	
	Guess and check

	
	Identify sub-problems

	
	Analyze the units

	
	Solve an easier related problem

	
	Create a physical representation

	
	Work backwards

	
	Draw Venn diagrams

	
	Convert to algebra 

	Step 3:
	

	Solve it
	Show your work as you solve the problem.  It justifies/proves your answer.

	Step 4:
	

	Look Back
	Reread the problem a third time.

	
	· Did you answer the question that was asked?

· Is your answer in the correct units?

· Does your answer seem reasonable?   

· Does it make sense?

	
	Write your answer in a complete sentence.


CLUE WORDS…

Clue Words for Addition: sum, total, in all, perimeter
Clue Words for Subtraction: difference, how much more, how much less, exceeds
Clue Words for Multiplication:  product, total, area, times
Clue Words for Division:  share, distribute, quotient, average
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When you draw a diagram, you organize information spatially, which then allows the visual part of your brain to become more involved in the problem solving process.  Any idea that can be represented with a picture can be communicated more effectively with a picture.  By making visual what you’re thinking, a diagram becomes a problem solving strategy.  A diagram clarifies ideas and communicates those ideas to anyone who looks at it.  

Diagrams are used in many jobs, especially those that require a planning stage.  Electrical engineers draw diagrams of circuit boards to help them visualize the relationships among a computer’s electrical components.  An architect’s blueprints expresses ideas concisely in a visual form that leaves little to interpretation.  Other diagrams include set designs, marching band formation diagrams, project flow charts, maps, yearbook and newspaper layouts, and concept maps, just to name a few.
SAMPLE PROBLEM:

1.  Rock climbing:  Amy is just learning how to rock climb.  Her instructor takes her to a 26-foot climbing wall for her first time.  She climbs 5 feet in 2 minutes but then slips back 2 feet in 10 seconds.  This pattern (up 5 feet, down 2 feet) continues until she reaches the top.  How long will it take her to reach the top of the wall?
2. Dangerous Manuevers:  Somewhere in the Mojave Desert, the arm set up training camps named Arachnid, feline, Canine, Lupine, bovine, and Thirty-Nine.  Several camps are connected by roads:  

· Arachnid is 15 miles from Canine, 

· Bovine is 12 miles from Lupine, 

· Feline is 6 miles from Thirty-Niine, 

· Lupine is 3 miles from Canine, 

· Bovine is 9 miles from Thiry-Nine, 

· Bovine is 7 miles from Canine, 

· Thirty-Nine is 1 mile from Arachnid, and 

· Feline is 11 miles from Lupine.  

No other pairs of training camps are connected by roads.  Answer each of the following questions (in each answer, indicate both the mileage and the route):  What is the shortest route from

a) Feline to Bovine?

b) Lupine to Thirty-Nine?

c) Canine to Feline?

d) Arachnid to Lupine?

e) Canine to Thirty-Nine

f) Lupine to Bovine?

g) Arachnid to Feline?

3.  Circular Table:  In Amanda and Emily’s apartment, a round table is shoved into the corner of the room.  The table touches the walls at points that are 17 inches apart.  How far is te center of the table from the corner of the room?
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When you make a systematic list, you reveal the structure of a problem.  Sometimes the list is all you need to solve the problem.  Systematic lists include train and airplane schedules and travelers only need to read the schedule to solve their problems quickly and easily.

A systematic list is just what its name says it is – a list generated through some kind of system.  A system is any procedure that allows you to do something (like organize information) in a methodical way.  The list should be understood and clearly organized so that the solution can be verified easily, without too much effort.

Many lists are in the form of a table where the columns and rows are set up to provide organization to the list.

SAMPLE PROBLEM:
1.  Tennis Tournament:  Tina, Terri, Tim, Tom, Tanikwa, and Todd have all signed up for the round-robin city tennis tournament.  Each player will play a set against each of the other players.  List all the sets that need to be played.
2. Apartment hunting:  A management company offers two payment pans for leasing an apartment for one year.  Plan A is designed so that a tenant’s entry cost is low, and Plan B is designed so that there are more gradual price increases.

	PLAN A
	PLAN B

	12-month lease
	12-month lease

	$400 first month
	$500 first month

	$30 per month increase each month
	$15 per month increase each month

	
	


Which plan costs more for only the ninth month of tenancy?  Which plan costs more for the entire year?
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Archery Contest:  In your PE class, you are planning a tournament and need to create a score sheet that lists all the possibilities for a score at the end of a round of 3 arrows based on the rules below:
Targets are marked with 10 evenly spaced concentric rings, which are colored with five different colors.   In addition, there is an third inner gold ring, sometimes called the X ring. (This becomes the 10 point ring in your competition.)    (continued on the next page)

Values scored by each arrow are recorded on a score sheet and must be written in descending order (e.g. if an archer scores 5, 7, and 5 this must be recorded as 7, 5, 5.)

Targets/scores are colored as follows:

· Does not hit the target – score a 0

· [image: image19.jpg]


1 ring & 2 ring - white  - scores a 1 

· 3 ring & 4 ring - black – scores a 3 
· 5 ring & 6 ring - blue – scores a 5 
· 7 ring & 8 ring - red – scores a 7 
· 9 ring & 10 ring - gold – scores a 9
· The inner 10 ring – gold – scores a 10
Archers will score each round by summing the scores for three arrows. Line breakers, an arrow just touching a scoring boundary line, will be awarded the higher score. Values scored by each arrow are recorded on a score sheet.

a) What possible sums can a participant earn with three arrows?

b) What is the top sum a participant can earn each round?  The lowest sum?
c) How many different ways can a contestant earn a sum of 15?
d) How many different combinations of 3 arrow scores are possible?
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Eliminating possibilities is a powerful problem solving tool.  Detectives and doctors use this extensively when solving cases or diagnosing illnesses.  When you use this strategy, consider/list all the possibilities and then eliminate those that lead to contradictions.  This is the basis of logical deduction.  This strategy is often used in combination with other strategies to make problem solving more efficient.
In addition to eliminating possibilities, it is important to remember the possibilities that have been eliminated.  Sometimes not all of the wrong possibilities can be eliminated right away.  You’ll need to keep reviewing the clues with each case.  Here is a diagram that illustrates the thinking process used in this strategy.
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Assumption doesn’t work!  It is wrong 












– eliminate it!
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Make assumption         Apply the assumption in the problem










Assumption works!  We didn’t learn 











much – it’s still a possibility!

You probably apply this strategy when you go to a restaurant to eat.  You eliminate what you don’t want to eat on the menu first to narrow down your choices.  When asked to guess a number, you get clues to help you eliminate the wrong answers.  Detectives use this to eliminate possible criminals but it can fail to produce the criminal if the list of possible suspects is not complete.  Health care professionals must conduct tests to diagnose illnesses – the tests that come back negative are as important as the ones that come back positive.
SAMPLE PROBLEM:
1. Downtown Deli:  Seymour owns his own business.  He makes deli sandwiches, which he wraps to retain their freshness and then distributes to several convenient stores for resale.  One of his favorite sandwiches is the Sausage and Meatball Combo but it has a very low distribution.  In fact, only three stores take deliveries of the Sausage and Meatball Combo:  two Fast Stop stores and one Circle B store.  
One morning, Seymour suffered an unfortunate accident.  He slipped on the floor and banged his head.  He seemed to be fine except that when he was out on his delivery route, he couldn’t remember which streets the three Sausage and Meatball Combo stores were on.  The streets were numbered from 1st Street up to 15th Street, and he remembered that the two Fast Stop stores were on streets whose numbers added up to 50.  He also remembered that the Circle B store was two streets away from one of the Fast Stop stores,  and he remembered that he called the Sausage and Meatball Combo his “prime” favorite because all three stores were on prime-numbered streets.  Unfortunately, the information he remembered was not enough to get him to the stores.

He called his friend Gus, and Gus remembered that Seymour had told him the product of the numbers of the streets the stores were on, but Gus could only remember that the last digit of the product.  This proved to be enough for Seymour, who promptly double-parked, whipped out a pencil, made a systematic list, and eliminated possibilities to find the answer.  Recreate Seymour’s thinking to find the solution.
2. The Conspirators’ Code:  One very special type of problem called a cryptarithm requires you to engage in this type of problem solving - eliminate possibilities, seek contradictions, and even 

guess a bit.  You’ve seen these in puzzle books.  Some of the same 

techniques are used when creating and breaking secret codes.   The 
puzzle is to find the numbers represented by the letters in the puzzle 
that make the problem correct.  
A correspondent sent this interesting puzzle:  Two conspirators had a 

secret code.  Their letters sometimes contained little arithmetical sums

relating to some quite plausible discussion and having an entirely innocent 

appearance but was used to crack the code of a secret message also sent with the problem.  In their code, each of the ten digits represented a different letter of the alphabet.  Thus, on one occasion, a letter contained a little sum in simple addition that, when the letters were substituted for the figures is shown in the box shown.  

This is an interesting puzzle to reconstruct the addition sum with the help of the clue that the letters I and O stand for the figures 1 and 0, respectively.  What digit does each letter represent?
3.  Letter from College:  The story goes that a young many away at college needed some extra cash.  He sent his mother this plea.  He wanted her to send the amount indicated by the following sum:  SEND + MORE = MONEY.  Each letter stands for a different digit, 0 through 9.  No two letters stand for the same digit.  How much MONEY did the young man want?  (Assume that there is a decimal point between N and E because his mother is probably not willing to send ten thousand or so dollars to her son on request.)
	
	
	
	
	
	
	

	
	
	
	
	
	
	

	
	
	
	
	
	
	

	
	
	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	


A matrix is a two-dimensional chart that is used to organize information in a problem.  A matrix can use the process of elimination in a systematic way.  One way to improve your logical reasoning ability is to solve logic problems.  The basic idea behind these problems is to solve them by matching items in various categories.  Most logic problems can be solved by using a chart or a table that we’ll call a matrix.  Using a logic matrix sets up a one-to-one correspondence between elements in a problem.  Graph paper can make it easier to create/draw a matrix to work with.

Although you might tend to focus naturally on what must be true in a problem, it becomes even more important to pay attention to what isn’t possible when working with this problem solving strategy.  This is much like the eliminating possibilities strategy but within a different organizational design.  Matrix logic is a strategy based on things that cannot be.  One of the really successful actions of good problem solving is to read, re-read, and read the clues/problems over and over again and it is the very backbone of this problem-solving strategy. Continually reviewing the clues gives your brain an opportunity to connect more and more information, eliminate more and more information, and reach a solution.

Biochemists use matrix logic when studying chemical processes of living organisms, such as the regulation of metabolism to organize various chemical compounds and reactions.  When developing new medicines to treat illnesses, pharmaceutical companies and researchers use this strategy to isolate potential side effects of the drugs.  Puzzle books are readily available at the grocery store with logic problems that entertain and challenge the brain.  Enjoy the challenge and expand the thinking ability of your brain.
SAMPLE PROBLEM:

1. The Barbecue:  Tom, John, Fred, and Bill are friends whose occupations are (in no particular order) nurse, secretary, teacher, and pilot.  They attended a picnic recently and each one brought his favorite meat (hamburger, chicken, steak, and hot dogs) to the barbecue.  From the clues below, determine each man’s occupation and favorite meat.
      
a) Tom is neither the nurse nor the teacher.
        b) Fred and the pilot play in a jazz band together.

c)The burger lover and the teacher are not musically inclined.

           

d)Tom brought hot dogs.

e)Bill sat next to the burger fan and across from the steak lover.

f)The secretary does not play an instrument or sing.

	
	Nurse
	Secretary
	Teacher
	Pilot
	Burger
	Chicken
	Steak
	Hot Dog

	Tom
	
	
	
	
	
	
	
	

	John
	
	
	
	
	
	
	
	

	Fred
	
	
	
	
	
	
	
	

	Bill
	
	
	
	
	
	
	
	

	Burger
	
	
	
	
	
	
	
	

	Chicken
	
	
	
	
	
	
	
	

	Steak
	
	
	
	
	
	
	
	

	Hot Dog
	
	
	
	
	
	
	
	


2. Cabinet Members:  The president was discussing some politics with the vice president and three of her cabinet members:  the secretaries of state, education, and the treasury.  Using the clues in the conversation below, determine which woman (one is named Norma) holds which position.

Paula said, “Ms. President, I don’t think the secretary of state knows what she is talking about.  I think our foreign policy has really deteriorated lately.”

The secretary of state shook her head.  So did the vice president.

The secretary of the treasury said, “I agree with Paula.  We haven’t even talked to Japan lately.”

The vice president jumped in.  “Will you two leave Inez alone?  She is doing a fine job.”

Georgianne, who had been silent so far, finally said, “Okay, let’s get on to something else.”

The secretary of education said, “I’m sorry, Inez.  Nothing personal.”

Colleen said, I’m sorry too, Inez.  I guess we just carried away.”

Inez replied, “That’s okay.  I know we’ve all been under a lot of stress lately.”

3. Ecology Experts:  Abbie, Bridget, Cynthia, and Dena are women whose profession are water quality engineer, soil contamination scientist, air pollution consultant, and biological diversity advocate.  Match each woman to her expertise using the following four clues.

a) Bridget’s expertise is not biological diversity.

b) Abbie loves to garden, but her expertise has nothing to do with soil or air pollution.

c) The air pollution expert, the water quality engineer, and Dena all met one another at a global warming conference.

d) Bridget has never met the person who works on air pollution.

4. 
We make sense of our universe by inventing patterns to describe it.  Mathematics has often been called the science of patterns.  As a problem-solving strategy, recognizing patterns enables you to reduce a complex problem to a pattern and then use the pattern to find a solution or predict a behavior.  Finding patterns in sequences (an ordered string of numbers tied together by a consistent rule, or set of rules to determine the next term in the sequence) is a skill that you can develop.  Practice will sharpen your pattern-seeking skills.  

The key to finding most patterns is to organize a problem’s information in a chart, table, or other systematic list so that the patterns jump out at you.

· Write down the sequence, and extend it if you can.

· Make a chart that matches each element of the sequence with its position number in the sequence.

· Check the differences between the terms of a numeric sequence and try to relate the terms to their position numbers.

· If seeing the differences between the terms doesn’t help, try other operations such as multiplication, division, and squaring, or use a combination of operations.

Pattern recognition can be very useful when trying to solve real-world problems. An astronomer uses a spectrometer to record and observe patterns in the frequencies of light radiated from a distant star.  Investors study the stock market to decide when to buy and sell stocks.  Students observe classes to determine whether or not they can behave in a particular manner by the way teachers react to their behavior or the behavior of students in the classroom.  Patterns are found everywhere:  wallpaper, traffic patterns, criminal cases, numbers, people’s behavior, architectural design, etc.  Patterns turn up in many places.  Keep your eyes open for them!

SAMPLE PROBLEM:
1. Email virus:  In 1999 a computer macro based on a popular suite of programs was launched through the Internet.  This macro came in the form of an email message that replicated itself via the first 50 email addresses in a recipient’s address list.  For example person A sends the message to person B, who inadvertently sends a copy of the message to the first 50 people in his email address book.  Assume that there are no duplicate recipients.  If the first email is called the first generation, how many total emails will have been sent in the first five generations?

2. Free Internet:  A new Internet service has just been announced that gives free Internet access for a year if customers agree to receive an email advertisement every 30 seconds while online.  In other words, if you were online for 5 minutes, 10 email ads would show up in your email inbox during that time.  Of course, then you’d have to go into your inbox, open the ads, and delete them.  While you were opening and deleting them, you’d still be online, so more ads would come in. (To verify that you’re living up to your end of the bargain, a return receipts is sent when you open an ad that works only when the computer is still online so you must remain online while opening and deleting the ads.)                                

 (continued on the next page)
   Suppose you’ve just been online for 1 hour.  During that time 120 emails showed up in your inbox.  You know that all of them are going to be junk, but you still need to open and delete them.  Assume it takes 10 seconds to open and delete them.  During that time, more ads will come in, and you’ll have to open and delete those ads.  While opening and deleting those ads, still more ads will come in.  You will finally be able to log off when there are no more ads in your inbox.  The ads started coming in 30 seconds after you logged on.  Including the original hour you were online, how long will you have been logged on when you’ve deleted the last ad?

Guess and check is one of the most used and most useful problem-solving strategies.  The name doesn’t seem to offer credibility to this strategy.  Guess and check often feels like cheating, but it isn’t.  Golfers often had their balls land in sand hazards but someone figured out that using a sand wedge is a great way to escape a sand trap (problem solved – at least sometimes!).  It was once thought of cheating by some people, but now sand wedges are an acceptable part of the game.  
Guess and check is not only a strategy, it is an attitude.  When using this strategy, you are showing your confidence in being able to solve the problem even if you don’t really understand it in the beginning.  Then through your organization and persistence, you will work toward a solution.  Guess and check is very effective in giving you a place to start when you tackle a problem.  Often, guess and check will allow you to eventually find a way to set up an algebraic equation to help speed up the process. It isn’t always the most efficient way to solve a problem in some problems unless you know how to organize your work and know how to work with it, but can be a powerful way to find a solution if you know how to use it correctly.  
Things to remember about guess and check:
· Start guessing.  As you work through a guess, you’ll learn something about the problem.

· Keep your work organized.  You will not get anywhere if your work is not organized.

· Be ready to start over.  As you learn more by working through your guesses, you may discover that your first approach was not productive.

· Start with smaller numbers and build up to bigger numbers.  Make your guesses skip around so you can isolate the right answer.

· Sometimes rate your guesses.  Is it a good guess?  Is it better than the last one or not as good.  Pay attention.

· Avoid arithmetic mistakes.

· Put a lot of information in your column titles so that you know what each column represents.  Be descriptive.
Guess and check is often called testing the hypotheses in the sciences.  Musicians use guess and check when they determine how much to tighten or loosen the strings on their instruments to meet a target pitch, refining each guess to reach the goal.
SAMPLE PROBLEM:

1.  Cascade Park Waterfall:  Emi and Margot had stopped at the bottom of one of the highest waterfalls in Cascades State Park.  As Emi looked up at the waterfall, she said, “Wow, I think the top of that fall is about 20 feet more than three times the height of that young redwood.”

      Margot, of course, had a different opinion.  She said, “No, I think it’s about 50 feet less than four times the height of the redwood.”

     If both are approximately right, about how tall is the redwood and how high is the waterfall?  

(more problems on the next page)
2.  Refinancing:  The mortgage payments for Covell’s home are about $900 per month.  He is going to refinance the loan, which will cost him about $2500 in fees and the new payments will be $830 per month.  How long will it take him before the new loan starts saving him money?

3.  Cell Phone Plans:  Jean Luc was looking for a cell phone.  He is considering plans from two companies, both of which have unlimited night and weekend minutes.  The Marathon Network plan costs $19.99 per month and comes with 100 free weekday minutes per month.  Additional weekday minutes cost 31¢ per minute.  The Toucan Communications plan costs $39.99 per month and comes with 250 weekday minutes per month.  Additional weekday minutes cost 47¢ per minute.  For what range of weekday minutes is Marathon’s plan cheaper?  For what range of weekday minutes is Toucan;s plan cheapest?



This strategy is awesome to implement when a problem seems overwhelming and very complicated.  But, after you break them down into their sub-problems, you can start to see how to attack the problem.  Taking a problem and breaking it into parts allows you to identify the hard parts and concentrate on solving them without being overwhelmed.  Sub-problems involve organizing your plan of attack, unlike other strategies that organize data.  Identify your sub-problems with questions.  Change your focus in this strategy.  Your focus needs to change from the big problem to the sub-problems or sub-goals.  Once the sub-goals are solved then you should focus on solving the big problem.    
Many complex activities, such as manufacturing automobiles are broken down into sub-problems.  At one station, the windshield goes on, at another the doors are attached, then the hood, the brakes, etc.  The basis of the assembly line is to brake down tasks into sub-problems.  
SAMPLE PROBLEM:

1.  ISU Bookstore:  Joe is a student at Illinois State University.  He has four $20 bills.  He bought six notebooks at $3.95 each, but they are marked 20% off.  He also bought three highlighters at $1.19 each and a text book for $44.98.  The bookstore ran a special on the day Joe made his purchases.  The bookstore is paying all taxes on the sales it made on that day.  How much change did Joe receive?
2. The Car Bargain:  Paul went into the local new-car lot to buy a car.  He knew the kind of car he wanted, because his friend Barbara had bought the same car the day before.  Barbara received a 30% discount on the car, which listed at $15,000.  The salesperson offered Paul the $15,000 car at a 20% discount instead.  When Paul protested, the salesperson offered an additional 10% off the 20% discounted price.  This offer satisfied Paul and he bought the car, convinced he had paid the same price as Barbara.  Had he?
3.  Test Average:  Mr. Howard is a student teacher at BHS.  His first period class of 40 students averaged 96% on a recent test.  His second period class of 20 students averaged 90% on the same test.  What was the combined average for both classes?



Unit analysis is also called dimensional analysis and involves dealing with units of measure very carefully.  People often ignore units of measure when doing everyday calculations because they are using specific measures common to the type of problem that they are working with.  In any situation where specific measurement is involved, the units have to be known in order to make sense of the answer.  An answer is not complete without units. Unit analysis is another example of organizing information.  By keeping the units of measure organized, especially in the numerators and denominators of fractions, you can solve many problems by manipulating the units to get the answer you’re looking for.  Units are very important in three major areas in problems:  ratios (comparison of two numbers and often written as a fraction), unit conversion (ex: changing 6.5 hours to 6 hours and 30 minutes or customary units to metric units), and compound units (square units of area, cubic units of volume, cost per gallon, etc.). Here’s some key steps to follow when using unit analysis:
· Identify all of the units in the problem.
· Consider what units are required in the answer.

· Establish what unit conversions are needed.

· Make manipulatives for given information and the reciprocals.

· Use fractions where the numerator and denominator represent the same amount but in different units when converting measurements (like 
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· Be flexible in organizing the manipulatives and conversion fractions so that the unwanted units will factor out.
Chemists and physicists often use unit analysis to make sure that they’ve set up their calculations correctly.  Here’s another example that might happen at home if you’re not careful….You decide to buy new carpet for your living room and you measure the room and tell the carpet people you need 144 (since your room is 12’ x 12’) and when they deliver it, they bring 144 square yards and you needed 144 square feet.   Oops…you just got an unbelievable and unexpected bill along with an extra 1152 square feet of extra carpet that they might not take back!  Units are very important.  NASA learned this lesson the hard way when they were calculating a path for a million dollar satellite they sent into space.  Once scientist did their measurements in meters and one in standard/customary units and they lost the satellite!
SAMPLE PROBLEM:

1.  Toni’s Trip:  Toni drove 80 miles in 2 hours and used 5 gallons of gas.  Notice there are three different types of units of measure here – miles, hours, and gallons – measuring distance time, and volume, respectively.  From this information, you can calculate six ratios of quantities, considering two units at a time.  The six ratios are miles/hour, hours/mile, gallons/hour, gallons/mile, hours/gallon, and miles/gallon. Calculate the value of each of these ratios and make sure to label each with correct units.
2.  Gas Consumption:  A car traveling at 65 miles per hour gets 25 miles per gallon and travels for 45 minutes..  How many gallons does the car use during that time?
(another problem on the next page)

3.  Leaky faucet: 
 a.  A leaky faucet drips 2 fluid ounce every 30 seconds.  How mahy gallons fo water will leak from this faucet in 1 year?  

b.  You realized that your leaky faucet was costing you too much money.  You fixed your faucet so that it now takes 11 minutes longer to fill a cup of water than it did when it leaked 1 fluid ounce in 30 seconds.  How many gallons will the faucet waste in one year now?



Solving an easier version of the same problem will sometimes reveal a method of solving a problem.  For instance, find the sum of the numbers 1 to 100 might seem like a long problem…not necessarily long, but a bit time consuming.  When Carl Friedrich Gauss, a famous mathematician, was given this problem in fourth grade when his teacher wanted to keep the students busy for 30 minutes, he was able to solve it in record time.   
1 + 2 = 3   3 + 3 = 6   6 + 4 = 10   10 + 5 = 15……  Gauss decided this was going to take too long, so he started looking at the problem differently.  How can you find the sum easier?  Try this and see if you see a pattern…
1 + 2 + 3 + 4 + 5 + 6 + 7 + 8 + 9 + 10 = ______

How is the previous sum similar to 

11 + 12 + 13 + 14 + 15 + 16 + 17 + 18 + 19 + 20 = ______  Use what you’ve seen to predict the sum of the next 10 numbers and then the sum of all of the numbers from 1 to 100.   

1 + 2 + 3 + 4 + 5 + 6 + 7 + 8 +… +98 + 99 + 100 = ______

Or look at it this way…

1 + 100 = ______

2 + 99 = ______

3 + 98 = ______

Use what you’ve seen to predict the sum of all of the numbers from 1 to 100.  

1 + 2 + 3 + 4 + 5 + 6 + 7 + 8 +… +98 + 99 + 100 = ______

After trying several different strategies, the second way is the way Gauss solved the problem for his 4th grade teacher.  This is what it means to solve an easier related problem.  
Here are some things to try to find an easier related problem:

· Use a number instead of a variable

· Use a smaller or easier number in order to develop a process for solving the problem.

· Do a set of easier examples (for the above example, find the sum of the first 10 or 20 numbers) and look for a pattern.

· Do an easier example and figure out how to use the same process to solve the harder problem.

· Change, fix, or get rid of some conditions.

· Eliminate unnecessary information.

SAMPLE PROBLEM:

1.  Twenty-Five Man Roster: The manager of a baseball team received a strange communication from the team’s general manager, who told him to select 25 players for his roster according to this formula:


½ of the team had to be outfielders and infielders


¼ of the team had to be starting pitchers


1/6 of the team had to be relief pitchers


1/8 of the team had to be catchers

The manager was taken aback by the innumeracy exhibited by his boss, yet he found a way to comply.  How did he do it? 
2.  TV Truck:  Theotis had to load a truck with television sets.  The cargo area of the truck is a rectangular prism that measures 8 ft. by 21 ft. by 11 ft.  Each television set measures 1 ½ ft by 1 2/3 ft. by 1 1/3 ft.  How many tv’s can be loaded into the truck?
3. Good Luck Goats:  In the mythical land of Kantanu, it was considered good luck to own goats.  Barsanta owned some goats at the time of her death and willed them to her children.  To her first born, she willed one-half of her goats.  To her second born, she willed one-third of her goats.  And last, she gave one-ninth of her goats to her third born.

       As it turned out, when Barsanta died she had 17 goats.  Barring a Solomonic approach how should the goats be divided? 



Solving a problem using this strategy can include acting out the problem as well as using manipulatives or physical models to try out different solutions or to look at a problem in a different way.  A physical representation (a way of representing things spatially) lets you touch the problem instead of just representing it with a static drawing.  When you create a physical representation with people or with manipulatives, you gain a new perspective on the problem.  
Firemen, rescue workers, emergency room doctors and nurses, student teachers, and members of many other professions conduct drills to practice techniques and to look for and solve problems before they become one in the real world.  Models are made as prototypes for planes, cars, buildings, rockets, bridges, and many other things in order to test designs before building “the real thing” and finding the problems before people get hurt and money is spent on a problem-ridden design.  When the Hubble space telescope had a problem with an antenna wedged in one position, NASA engineers used tinkertoys, a lamp cord, masking tape, and glue to build a model to work out the problem and ultimately fixed the problem.
SAMPLE PROBLEM:

1.  The Hotel Bill:  Three sales representatives attending a convention decided to share a room to take advantage of some cheap hotel rates.  The clerk at the desk charged them $60 which they paid with cash.  A little while later, the clerk discovered that he had made an error.  The room should have cost only $55.  He dispatched a bellhop with a $5 bill to deliver to the women.  The bellhop was dishonest, though, and he kept $2 and returned $1 to each of the three women.  So each woman thought that her part of the bill was $19 instead of the original $20.

When Franklin heard this story, he did some calculations.  Each woman thought she had paid $19, and 3 times $19 is $57.  the bellhop kept $2, and $57 plus $2 is $59.  Determine what happened to the missing dollar and explain your reasoning.
2.  French Francs:  Persis owns a gift shop.  One day while she was opening a shipment of figurines she had just received, a stranger walked in and asked the price of a figurine.  The figurines had cost Persis $6 each, but she had not decided on a selling price for them.  She finally decided on $13 each, and the stranger promptly said he’d take one.  Her new clerk accepted his traveler’s check for $40 and gave him change.  Persis needed more change for the register and signed the traveler’s check over to the pharmacist next door, Dr. Drell.  An hour later, though, Dr. Drell came back to the gift shop and showed Persis that the traveler’s check was actually in French francs, and was worth about $8 at the time. Persis apologized and wrote the pharmacist a check to cover the difference.  Who lost how much money in this transaction?  

(more problems on the next page)

3.  Three-on-Three Basketball:  Ina recreational basketball league, each team had only three players:  a center a forward, and a guard.  The tallest player on each team was the center the shortest was the guard.  The information in the list below refers to three teams in the league.  

· Leon and Weston are guards.

· Horace and Ingrid play the same position.



(Continued on the back.)
· Kathryn, the shortest, played her best game against Ingrid’s team.

· Horace and Leon are on the same team.

· Jerome and Taunia are on the same team.  On that team, Jerome is not the shortest, and Taunia is not the tallest.

· Sasha is shorter than both Weston and Horace. 

Who is the forward on Kathryn’s team?  Who plays guard on Sasha’s team?  What position does Kedra play, and who else is on her team?

4.  Problem Vats:  In the back room of a scientific supply store, there are two big vats of liquid.  The red one contains 10 liters of rubbing alcohol, and the black one contains 10 liters of purified water.  Jimmy accidentally pours 3 liters of the alcohol into the water.  Then, realizing his mistake and hoping to correct it, he pours 3 liters from the black vat back into the red vat.  Each vat again has 10 liters in it.  Is there more alcohol in the water or more water in the alcohol?


Working backwards is another strategy that requires you to change your focus.  You’ll consider the whole problem in reverse.  Once you reach a solution, check it by working it forward from your solution to make sure it indeed reaches the desired solution.
Consider planning a vacation to Europe.  Once you find a flight, you need to work backwards to plan the beginning of your trip…when do you need to arrive at the airport and then when must you leave your house to arrive at the airport at that time, etc.

Many problems that can be solved by working backwards can also be solved using guess and check.  But, when there is a way to work backwards, it is more efficient to do so.  If it is hard to figure out how to begin a problem with the working backwards strategy, use guess and check to find a place to start and then work backwards.
SAMPLE PROBLEM:

1.  Dad’s Wallet and the ATM:  Dad went to the ATM on Wednesday of spring break and withdrew some money.  On Thursday morning my brother borrowed half of Dad’s money to open a cheking account because he was always short of money.  On Friday I needed some money for a date, so I borrowed half of what remained.  My sister came along next and borrowed half of the remaining money.  Dad then went to gas up the car and used half of the rest of his money, and he wondered why he had only $15 left.  How much money did he start with in his wallet?
2.  Crossing the River with Dogs:  The five family members and their five dogs (each family member owned one of the dogs) were hiking when they encountered a river to cross. They rented a boat that could hold three living things: people or dogs. Unfortunately, the dogs were temperamental. Each was comfortable only with its owner and could not be near another person, not even momentarily, unless its owner was present. Dogs could be with other dogs, however. The crossing would have been impossible except that Lisa's dog had attended a first-rate obedience school and knew how to operate the boat. No other dogs were that well educated. How was the crossing arranged, and how many trips did it take?
3.  Golf Clubs:  Ken played golf yesterday and shot 107.  Considering that he normally shoots in the low 80’s or high 70’s, this round of golf really frustrated him.  It was so frustrating that he decided to buy new golf clubs.  But first he had to give his old golf clubs away.  He gave half of his clubs, plus half a club more to Daniel.  Then he gave half of his remaining golf clubs to Gary.  Then he gave half of his remaining clubs and half a club more to Will.  This left Ken with one club (his putter), which he decided to keep.  How many golf clubs did Ken start with before giving them away?



Another way to visually organize information is to create a Venn diagram.  Venn diagrams are excellent ways to sort data into categories that have overlapping characteristics.  They clearly show relationships between categories.
When creating a Venn diagram, you can use any shapes to house your information like circles, rectangles, triangles, loops, or anything else that clearly relates the connections between data.  When a category is completely inside another it is a subset of the larger category like the city of Bloomington’s circle would be completely in a circle marked Illinois since all of Bloomington is in Illinois.  If two circles intersect, then the two categories have something they share.  For instance, if one circle is the basketball team and one is the football team, students who are on both would be placed in the intersected area and students only on the basketball team would be it its circle while students only on the football team would be in the football circle.   When circles don’t intersect, then it shows that two categories don’t share any of the characteristics being looked at.  Geographically, Illinois and Florida don’t share any land and would be represented by two circles that don’t touch each other but they both could be placed in a bigger circle called the United States (set of all the states).  Illinois and Florida would be considered subsets.
You can’t use Venn diagrams on many problems but when you’re looking for relationships between data, they are a very effective tool and often can shed some new information when used in combination with another problem solving strategy.

SAMPLE PROBLEM:

1. Children dancers:  The Canterbury Dance Festival presented dances from many different countries. 32 children joined in the dances. 19 danced the Welsh Dance and 25 danced the Scottish Dance. How many children danced in both dances?
2. Music Survey:  In a poll of 46 students, 23 liked rap music, 24 liked rock music, and 19 liked country music.  Of all the students, 12 liked rap and country, 13 liked rap and rock, and 14 liked country and rock.  Of those students, 9 liked all three types of music.  How many students did not like any of these types of music?
3. The Flu and You:  Influenza is a serious disease causing thousands of deaths each year, mostly among the elderly.  Influenza symptoms include fever, cough, sore throat, headache, and muscle aches.  The Centers for Disease Control and Prevention (CDC) recommends that people in the following groups receive an annual flue shot:
· Seniors, defined by the CDC as everyone 50 years of age or older.

· Anyone with a chronic disease or long-term health problem, for example, asthma, heart disease, kidney disease, or diabetes.

· People considered “high risk” because of their profession, such as doctors, health-care workers, students, or teachers.                                  (continued on the next page)

Hospitals and other health agencies sponsor annual flu vaccination clinics.  One agency reported the following data for all the people vaccinated during one year:

· 98 people who were vaccinated were seniors.
· 80 people reported a chronic disease or long-term health problem, such as heart or kidney disease.





· 6 of the seniors who reported a chronic disease were still working in their high-risk professions.

· Of those who reported having a chronic disease, 52 were seniors.

· Of the 60 people who worked in high-risk professions, 18 were older than 50.

· 8 of the people vaccinated were younger than 50 and dd not work in high-risk professions but reported having a chronic disease.

a)  How many people, total, received flu shots?

b)  How many people in high-risk professions also had a chronic medical condition?

c)  What percentage of seniors did not report a chronic medical condition?


Algebra is a language of mathematics that allows you to represent many different situations by using variables.  The word, Algebra is an Arabic word meaning bringing together broken parts. This useful tool of mathematics was invented by the 9th century Arab mathematician, Mohammed Ibn Musa Al-Khwarizmi (from whose Europeanised name comes the word, algorithm).  Algebra allows the finding of unknown numbers from information given. 

 Creating an equation or inequality that represents a problem is the hardest part of a problem.  Once the equation is “discovered” and written, it becomes easier because you can use the rules of algebra to find a solution.  As problems continue to get more complex, a physical model may not be possible and that’s where algebra can really do its job.  With that said, algebra is not always the best problem solving strategy.   Algebra is only an effective tool when you can represent a relationship with an inequality or equation and may only be accomplished with a picture to help you visualize the problem, a chart or organized data, an observed pattern in the data, or you apply advanced mathematical knowledge.
SAMPLE PROBLEM:

1.  Championship Game:  A group of students was transported to the championship basketball game on buses and vans.  When one bus and two vans unloaded, there were 55 students.  A few minutes later, two more buses and one van unloaded 89 students.  In all, three buses and eight vans drove students to the game.  How many students went to the game?

2.  Interest:  Lakeitha earned $12,000 more in her accounting job this year because she received her CPA certification.  She decided to invest the money and split it between two different savings accounts.  One account was a certificate that paid 7.25% annual interest.  The other was a money market account that paid 5.4% annual interest.  At the end of 1 year, she had made $730.  How much did she invest in the money market account?
3.  Ticket Price Increase:  With a student activity card, a ticket to a BHS football game is $1.00.  Without a card, the price was $6.  At the new computerized gates, each fan deposited his or her ticket to open the gate.  As each gate reported, a running total was kept on a central computer.  The computer was programmed to count the number of people who entered and keep a running total for the cost of the tickets.  For the season opener, the total number of tickets was 12,438, and the total revenue was $36,798.  The district is pressuring the athletic director to raise the price of tickets.  The athletic director needs to know how many tickets of each type were sold.
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STRATEGY:  Make a systematic list.








STRATEGY:  Draw a picture.





STRATEGY:  Eliminate possibilities.
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STRATEGY:  Use matrix logic.





STRATEGY:  Look for a pattern.








STRATEGY:  Guess and check.





STRATEGY:  Identify sub-problems.





STRATEGY:  Analyze the units.





STRATEGY:  Solve an easier related problem.





STRATEGY:  Create a physical representation.





STRATEGY:  Work backwards.





STRATEGY:  Draw a Venn diagram.





STRATEGY:  Convert to algebra or find a formula.
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