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Counting Successes: A General Simulation Model


Question: How can we simulate the probability distribution of “the number of successes out of n repetitions”?

Objectives: In this lesson you will learn to recognize probability problems with outcomes of the form “number of successes in n repetitions of an event,” simulate the distribution of such outcomes, and use simulated distributions for making decisions.

Activity

1. Read the article from the Milwaukee Journal (May 1992) entitled “Non-cents: Laws of probability could end need for change,” which follows.

a. Doe this seem like a reasonable proposal to eliminate carrying change in your pocket?

b. Do you think the proposal is fair?  Explain your reasoning.

Non-cents: Laws of probability could end need for change

Chicago, Ill.-AP-Micheal Rossides has a simple goal: to get rid of that change weighing down pockets and cluttering up purses.  

And, he says, his scheme could help the economy.  

“The change thing is the cutest aspect of it, but it’s not the whole enchilada by any means,” Rossides said.

His system, tested Thursday and Friday at Northwestern University in the north Chicago suburb of Evanston, uses the law of probability to round purchase amounts to the nearest dollar.  

“I think it’s rather ingenious,” said John Deighton, an associate professor of marketing at the University of Chicago.

“It certainly simplifies the life of a businessperson and as long as there’s no perceived cost to the consumer it’s going to be adopted with relish,” Deighton said.

basic concept works like this:

A customer plunks down a jug of milk at the cash register and agrees to gamble on having the $1.89 price rounded down to $1 or up to $2.  Rossides’ system weighs the odds so that over many transactions, the customer would end up paying an average $1.89 for the jug of milk but would not be inconvenienced by change.  That’s where a random number generator comes in.  With 89 cents the amount to be rounded, the amount is rounded up if the computerized generator produced a number from1 to 89, ; from 90 to 100 the amount is rounded down.  

Rossides, 29, says his system would cut out small transactions, reducing the cost of individual goods and using resources more efficiently.  

The real question is whether people will accept it.  

Rossides was delighted when more than 60% of the customers at a Northwestern business school coffee shop tired it Thursday.  

Leo Hermacinski, a graduate student at Northwestern’s Kellogg School of Management, gambled and won.  He paid $1 for a cup of coffee and a muffin that normally would have cost $1.30.  

Rossides is seeking financial backing and wants to test his patented system in convenience stores.

But a coffee shop manager said the system might not fare as well there.  

“Virtually all of the clientele at Kellogg are educated in statistics, so the theories are readily grasped,” said Craig Witt, also a graduate student.  “If it were just to be applied cold to average convenience store customers, I don’t know how it would be received.”  

Source: Milwaukee Journal, May 1992.

2. Investigate a single random outcome per trial.  

Suppose the soft drink machine you use charges $.75 per can.  The scheme proposed by Mr. Rossides requires you to pay either $0 or $1, depending on your selection of a random number.  You select a two-digit random number between 01 and 00 (with 00 representing 100).  If the number you select is 75 or less, you pay $1.  If the number you select is greater than 75, you pay nothing.

a. From a random number table, calculator, or computer, choose a random number between 01 and 100.  If this represents your selection at the drink machine, how much did you pay for your drink?

b. The article suggests that things will even out in the long run.  Suppose that over a period of time you purchase 60 drinks from this machine and use the random mechanism for payment each time.  This can be simulated by choosing 60 random numbers between 01 and 100.  Make such a selection of 60 random numbers.  

i. How many times did you pay $1?  What is the total amount you paid for the 60 drinks?

ii. If you had paid the $.75 for each drink, how much would you have paid for 60 drinks?  Does the scheme of random payment seem fair?  

c. Now, suppose you are buying a box of cookies that cost $2.43.  You pay either $2 or $3, depending on the outcome of a random number selection.

i. For what values of the random number should you pay $2?  For what values of the random numbers should you pay $3?

ii.Since you will pay $2 in any case, the problem can be reduce to one similar to the soft drink problem by looking only at the excess you must pay over $2.  This excess amount will be either $0 or $1, just as in the case of the soft drinks.  Using the rule you determined in I, simulate what will happen if you and your friends buy 100 boxes of these cookies.  How many times did you have to pay the excess of $1?  

iii.How much did you and your friends pay in total for the 100 boxes of cookies from the simulation?  How much would you have paid for the 100 boxes if you had paid $2.43 per box?  Does the randomization scheme seem fair?

3. Investigate many random outcomes per trial.  

Because you have not studies for the true-false test coming up in history, you will not know any of the answers.  You decide to take the test anyway and guess at all the answers.  Is this a wise decision?  Let’s investigate by simulation.  There are five questions on the test.  The simulation must be designed to give an approximate distribution for the number of correct answers on such a test.

a. The basic random component is to make a selection of a random number correspond to guessing on a true-false question.  What is the probability of guessing the correct answer on any one question?  How can we define an event involving the selection of a random number that has this same probability?

b. Each trial of the simulation represents one taking of the test; therefore, each trial must have five random selections of question outcomes with it.  Select five random numbers, and with outcomes as defined in part a, count the number of correct answers obtained.  Record this number.

c. Repeat the procedure for a total of 50 trials (which represents taking the test 50 times).  Record the number of correct answers for each trial.  Construct a dot plot or stem plot of the results.  

d. Approximate the probability that you would get three or more correct answers by guessing.

e. What is the average number of questions you answered correctly per trial?  This is an approximation to your expected number of correct answers when you take the test by guessing.

Homework:

1)Suppose you are now guessing your way through a 10-question true-false test.  Conduct a simulation for approximating the distribution of the number of correct answers.

a. Does the basic probability per selection of a random number change over what it was in part 3a?

b. Does the number of random selections per trial change?  If so, what is it now?

c. Conduct at least 50 trials and record the number of correct answers for each.  Make a plot of the results.

d. What is the approximate probability of getting six or more questions correct?  How does this compare with the answer to part 3d?  If you had to guess at the answers on a true-false test, would you want to take a long test or a short one?  Explain.

e) What is your expected number of correct answers when guessing on this test?

2) Suppose now you are guessing your way through a 10-question multiple choice test, where each question has 4 plausible choices, only 1 of which is correct.  Conduct a simulation for approximating the distribution of the number of correct answers.

a. Does the basic probability per selection of a random number change over what it was for the true-false tests?  If so, what is the probability now?

b. What is the number of random selections per trial?

c. Conduct at least 50 trials and record the number of correct answers for each.  Make a plot of the results.

d. What is the approximate probability of getting more than half the answers correct?  How does this compare with the answer to part 1d here?  Explain any differences you might see.

e. What is the average number of correct answers per trial?  How many answers would you expect to get correct when guessing your way through this test?

3) Pairs of people eating lunch together enter a cafeteria that has square tables, with one chair on each side.  Each pair chooses a separate table at which they may sit next to each other or across from each other.  Suppose 100 such pairs enter the cafeteria today.  Assuming that they choose seats randomly, construct an approximate distribution for the number of pairs that sit next to each other.  

a) How would you simulate this situation with a random number table or generator?

b) How many of the pairs would you expect to be sitting across from each other?

Scenario: A basketball player goes to the free-throw line 10 times in a game and makes all 10 shots.  A student guesses all the answers on a 20-question true-false test and gets 18 of them wrong.  Twelve persons are selected for a jury and 10 of the 12 are female.  Unusual?  Some would say that the chances of these events happening are very small.  But, as we have seen, calculating the probabilities to evaluate the chances of these events requires some careful thought about a model.  The three scenarios outlined above all have certain common traits.  They all involve the repetition of the same event over and over.  They all have as a goal counting the number4 of “successes” in a fixed number of repetitions.  This activity discusses how to construct a simulation model for events of this type so that we can approximate their probabilities and decide for ourselves whether or not the events are unusual.











