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The Law of Averages

Scenario:  Have you ever heard someone appeal to the “law of averages?”  

· As many times as she’s been guilty before, she has to be innocent this time – it’s the law of averages.  You should know that.  You want to go to law school.  (Tom on the Tom Arnold Show, March 9, 1994).

· President Reagan explained why there is corruption in the Pentagon’s purchasing process: “The law of averages says that not all  million [people involved] are going to turn out to be heroes.”  (Pittsburgh Press, June 18, 1988)

· Disobey the law of averages.  Let others take the traditional course.  We prefer creativity over conformity.  Invention over imitation.  Inspired ideas over tired ideas In short, Audi offers an alternative route.  (From a print advertisement for Audi).

Question

What do people mean when they use the term “law of averages?”

Objective

In this activity you will examine how people use the term “law of averages” to make correct and incorrect inferences about probability.  Then you will explore the consequences of the law of large numbers, a correct statement about probability.

Activity

1. There are several popular versions of the law of averages.  Cut apart the quotations on the pages “Statements about the Law of Averages” and sort them into piles according to what the author or speaker meant when using the phrase the “law of averages.”  For example, one pile might include those statements that are supposed to convey the point that given enough opportunities, even unlikely events must eventually happen.  The Reagan statement would go into this pile.  A second pile might include those statements that contend that if an event has not happened on several previous opportunities, it is much more probable that it will happen on the next opportunity.  Tom Arnold’s statement would go into this pile.  A third pile might include those statements that use the following definition: 

Law of Averages: The proposition that the occurrence of one extreme will be matched by that of the other extreme so as to maintain the normal average.  (Oxford American Dictionary, 1980)

Miscellaneous uses, such as the Audi ad, might go into a final pile.

2. Which of the above versions of the “law of averages” are correct interpretations of probability?  

3. Here is a sequence of flips of a fair coin:
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a. How many heads would you expect after 10 flips of a fair coin?  (“Expect” is a technical term that means about the same as “average.”  This question means, “On the average, how many heads do people get after flipping a coin 10 times?”)

b. In the sequence above, what is the actual number of heads after 10 flips?  What is the percentage of heads after 10 flips?

c. How many heads would you expect to have after 50 flips of a fair coin?  

d. In the sequence above, what is the actual number of heads after 50 flips?  What is the percentage of heads after 50 flips?

What many people find counterintuitive about the answer to question #3 is that the percentage of heads gets closer to 50% while the actual number of heads gets further away from half the total number of flips.  In fact, the law of large numbers tells us that this is what we can expect.

The law of large numbers says that as a fair coin is flipped more and more times, 

· The percentage of heads tends to get closer to 50%

· The number of heads tends to swing more and more wildly about the expected number of heads (which is half the total number of flips).

4. You will win a prize if you toss a coin a given number of times an get exactly 50% heads.  Would you rather toss the coin 10 times or 100 times, or is there any difference?

5. Suppose you plan to flip a coin indefinitely.  The first two flips are heads.

a. Is a head or a tail more likely on the next flip?

b. How many heads do you expect to have at the end of 10 flips?  What is the expected percentage of heads at the end of 10 flips?

c. How many heads do you expect to have at the end of 1,000 flips?  What is the expected percentage of heads at the end of the 1,000 flips?

d. As you keep flipping the coin, what happens to the expected number of heads?  What happens to the expected percentage of heads?

Homework:

1. Does the law of large numbers imply that if you toss a coin long enough, the number of heads and the number of tails should even out?  Explain.

2. a.  The average math achievement test score of the population of eighth graders in a large city is known to be 100.  You have selected a child at random.  Her score turns out to be 110.  You select a second child at random.  What do you expect his or her score to be?

b.  average reading achievement test score of the population of eighth graders in a large city is known to be 100.  You have selected 50 children randomly.  The first child tested has a score of 150.  What do you expect the mean score to be for the whole sample?

